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1. Introduction 
£> , For x G C and l,n G No, define the functions Hn (x) by 



OO 



(N 



Abstract. Combining the derivative operator with a binomial sum from the tele- 
scoping method, we establish a family of summation formulas involving generalized 
harmonic numbers. 



1 

HV\x) = and ffW(s) = ^ with n = l,2,---. 

fe=i la; + ^ 

Fixing a; = in the functions just mentioned, we obtain the generalized harmonic num- 



(^ , bers: 



H^ = and H® = V -j with n = 1, 2, • • • 
When i = 1, they reduce to the classical harmonic numbers: 



- * — \ 

rS ■ _ I 

^; Ho = and H n = ^ - with n=l,2, •••. 

fc=i 

There exist many elegant identities involving generalized harmonic numbers. They can 
be found in the papers p]-[8]. 

For a differentiable function f(x), define the derivative operator T> x by 
Then it is not difficult to show the following two derivatives: 

<r)=C ;v>. 
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For a complex sequence {rk}kez, define the difference operator by 

Vr fc =Tk - Tfc— l- 
Thcn we have the following relation: 

v m ci%-*+i 

Combining the last equation and the telescoping method: 

n 

J^ Vr fe = r„ -r , 
fe=i 
we get the simple binomial sum: 

fern m ^-* +i w-»+ i " 

By means of the derivative operator D x and the binomial sum (JlJ, we shall explore 
systematically closed expressions for the family of sums: 

n 

J2k l H { k l \x) with i,l eN . 
fe=i 
When x — p with p s No, they give closed expressions for the following sums: 

2. Summation formulas 
Theorem 1. For igC and ( sNo, f/iere /lolcfe i/ie summation formula: 

n 

J2 Hl l+1) (x) = (x + n + l)H 7 [ l+ V(x) ~ H®(x). 
fe=i 

Proof. Applying the derivative operator T> x to ((TJ, we achieve the identity: 

y m Hk{x) v+1 r" +1 ) f g (x) ?_\ + y±l (2) 

Letting y — x in ([2j) , we attain the case £ = of Theorem [T] 

n 

Y^ H k {x) = (x + n + l)H„(x) - n. 
fc=l 
Suppose that the following identity 



J2 H { h l+1) (x) = (x + n+ l)H^> (x) H® (x) 
fc=i 
is true. Applying the derivative operator T> x to the last equation, we have 

n 

£ i^ +2) (*) = (* + «+ l)^ +2> (*) - H$+» (x). 
fc=i 
This proves Theorem [l] inductively. D 

Making a; = p in Theorem [TJ we get the following equation. 
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Corollary 2. For l 7 p £ No, there holds the summation formula: 

n 

E < + ^ =(P + n+ l)< + n 1} - (p + 1)^ +1> - J3&, + F« . 
fe=i 

3. Summation formulas with the factor fc 






Setting y = x + 1 in ([2]) and considering the relation: 

n /aj + l+fc^ 

E l fc / 

fe=l \ k I k=l " ' fe=l 

we gain the following equation by using Theorem [T] 
Proposition 3. For x G C 7 iftene ZioZds t/ie summation formula: 

J2 kH k (x) = {x + n+ l ){n - x) H n (x) + (2X ~^ +1) ". 
fc=i 

Corollary 4 (x = p with p G No in Proposition [3]). 



-A (n-p)(p + n+ I) p(p+l) n(n-2p-l) 

/ , fc ^ P +fc - 2 p+rl "" 2 p 4 ' 

fc=i 



Theorem 5. For x G C and £ € No, i/iere /io/ds i/ie summation formula: 



Proof. Applying the derivative operator D^ to Proposition 02 we achieve the case I — 
of Theorem Q3 

t kH^(x) = (^"+l)("-^) g ( 2 ) (a;) + ^±lF„(,) - 2. 
fe=i 
Suppose that the following identity 



±k H r\x) = (x+n+ 9 1)(n " a:) ^ +2 >w + ^^ +i >w 



tf^fa;) 



fe=i 
is true. Applying the derivative operator T> x to the last equation, we have 

2 2 "" ''" •' 2 



STkH^\x) = (^ + n + l)(n-^)^ +3)(;c) + te + 1^^ _ ^"(x) 



fc=i 



This proves Theorem [5] inductively. D 

Taking x — p in Theorem [5J we attain the following equation. 
Corollary 6. For l,p G No, iftere ZioWs i/ie summation formula: 



/ , Kn p+k — 2 n p+n "l ^ -"p 

fc=l 

jP_+l_ / (j+l) _ rr(l+l)\ _ U p+n *h 
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4. Summation formulas with the factor k 2 
Letting y = x + 2 in ([2]) and considering the relation: 

n /x+2+k\ n „ „ n 

fe=i V fe / fc=i v ' ;v ' / fc=1 



1 " 



we get the following equation by using Theorem [T] and Proposition [3] 
Proposition 7. For x£C, i/iere holds the summation formula: 



x{x + l)(2a; + 1) + n(n + l)(2n + 1) 
6 

(12a; 2 + 12a; - 6a;n + 4n 2 - 3n - l)n 



fc=i 



36 
Corollary 8 (a; = p with p € No in Proposition [7]). 

-A 2 _ (p + n+l)(2n 2 + n-2pn + p + 2p 2 ) 

/ 4 k -Wp+fc — t, n p+n 

fc=l 

p(p+l)(2p+l) rr n(4n 2 - 3n - 6pn + Yip + Yip 2 - 1) 

— tin . 

6 p 36 

Applying the derivative operator T> x to Proposition we gain the following equation. 
Proposition 9. For x£C, there holds the summation formula: 

y> 2 #f (x) = x{x + l){2x +l)+ n{n + 1)(2n + 1} h {2) (x) 

fe=l 

6a; 2 + 6a; + 1 rr , . (4x + 2- n)n 

6 H - {X) + - H- 

Corollary 10 (a; = p with p e No in Proposition ^ . 



A 2 < 2 > _ p(p + l)(2p + 1) + n(rc + l)(2n + 1) (2) p(p + l)(2p + 1) (2) 

Z^ K w P+fc - 6 p+ " 6 p 

/c=i 

6p 2 + 6p + 1 , . (4p + 2 - n)n 



Theorem 11. For x £ C and / £No, i/iere ZioWs the summation formula: 

j^k 2 Ht :i) { X )^ X{X + l){:2X + l) + n{n+l){2n + l) H^{x) 
fe=i 

- fa2+ 6 fa+1 e>W + ^fV< +1) (*) - ^^. 

Proof. Applying the derivative operator T> x to Proposition [SJ we achieve the case I — 
of Theorem [TTJ 

£^(3)^ = ^ + l)(2.x + l) + n(n + l)(2, + l) gi 3 )(x) 



fe=i 



6 

6a; 2 + 6x + 1 TT , 9S , , 2a; + 1 Tr , , n 
g #i 2> (a0 + — 2~ ff«W ~ 3. 
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Suppose that the following identity 

irk 2 H {l+3) {x) = ^ + 1 ^ 2X + ^ + ^ + 1 ^ 2n + ^ H (l+3) (3.) 
fe=l 



: ff <i +a > (x) + ^ + l ff <i + i> (x) _^J^ 



6 n v_/ 2 n v ' 3 

is true. Applying the derivative operator D x to the last equation, we have 

Yk 2 H {l+4) {x) - X<yX + 1 ^ 2a: + ^ + "'^ + ^ 2 " + ^ ff <'+ 4 > (1) 



fc=i 



6x + 62 + 



(' + !>/ 



V^C*) + ^H^(x) ^-^ 



6 B w 2 n v ' 3 

This proves Theorem 1 1 1 1 inductively. □ 

Making x = p in Theorem [Til we attain the following equation. 
Corollary 12. For l,p G No, there holds the summation formula: 
V"j.2rr<z+3) _ p(p + l)(2p + 1) + n(n + l)(2n + 1) ^+3) 

/ , K n p+k — q ^p+n 



fc=l 



p(p+l)(2p+l) Ija+ 3 ) _ 6p 2 + 6p+l /lj( ; + 2) _ o-<*+2)\ 



+ 



Tj(l) rr(l) 



2 P+ 1 /'rj{ ; + 1 > _ f7<«+l)A _ P+ n Z p 
9 l-^p+n n y } o • 



5. Summation formulas with the factor fc 3 

Setting y = x + 3 in ([2j and considering the relation: 

V-( X+ k + *)r,^ V-rr^ 3* 2 + 12x+ll " , ^ , 

ti (fc) ^1 (* + l)(s + 2)(a: + 3)|^J 

3 



(3 + l)0r + 3)|^ 
1 



(a:+l)(i + 2)(a : + 3)^ | 



^> 2 ff fe (x) 

n 



we get the following equation by using Theorem [TJ Proposition [3] and Proposition [7] 
Proposition 13. For x 6 C, iftere ZioZds i/ie summation formula: 

J2 k *H k (x) = (n ' x)( - X + " + 1 ^ 2 + " + ra + n2) g„(,) 
fe=i 

(12x 3 + 18a; 2 - 6nx 2 +2x- 6xn + 4n 2 x - 2 + in + In 2 - 3n 3 )n 

48 ' 

Corollary 14 (x = p with p 6 No in Proposition 113ft ■ 

V^,3rr (n-p)(p + n + l)(p 2 +p + n + n 2 ) ,P 2 (p+l) 2 tf 

2 , fc ti p+k = n v +n H ^ ti v 

fc=l 

(12p 3 + 18p 2 - 6np 2 + 2p - 6pn + An 2 p - 2 + 3n + 2n 2 - 3n 3 )n 

48 ' 
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Applying the derivative operator T> x to Proposition I13[ we gain the following equation. 
Proposition 15. For i£C, there holds the summation formula: 

£*»*£>(*) = ("-*)(* + "+l)(^+* + " + " 2 ) H <2) (3;) 
fe=i 

x(a; + l)(2a; + l) . , (18x 2 + 18x - Qnx + 1 - 3n + 2n 2 )n 
+ 2 Hn{x) 24 ■ 

Corollary 16 (x = p with p 6 No in Proposition [T5|) ■ 

y- fc3jff <2} _ (n - p)(p + n + l)(p 2 + p + n + n 2 ) g(2) p 2 (p+l) 2 g(2) 

/ ^ p~r& ^ p+n ^j p 

fe=i 

p(p+l)(2p+l) , . (18p 2 + 18p-6np+l-3n + 2n 2 )n 
+ 2 ( p+n ~ p > 24 ' 

Applying the derivative operator T> x to Proposition ll51 we achieve the following equation. 
Proposition 17. For i£C, there holds the summation formula: 

f> 3 #f(z) = (n-x)(x + n + l)^+x + n + n*) H ^ {x) 
fe=i 

x(a; + l)(2a; + l) . , 2) , , 6x 2 + 6x + 1 r . , (6x + 3 - n)n 
+ ^ " " X > 4 n ^ X > + 8 ' 

Corollary 18 (x = p with p e No in Proposition [TT]) . 



Y-,3rr<3) _ (n - g) (p + n + 1) (p 2 + g + U + 7l 2 ) (3) p 2 (p+l) 2 (3) 

/ < p+fe 4 P+™ 4 P 



fc=l 



, p(p+l)(2p+l) rij{2) (2) 6p 2 + 6p+l 

+ 2 \ H P+n - H p ) 



p+ v ■•■■',, / , y-tlp+n tip) 



(6p + 3 — n.)n 



Theorem 19. For x G C and / 6 No, t/iere ZioWs the summation formula: 
T (l+4) , n _ (n — x)(x + n + l)(x 2 + x + n + n 2 ) 



y^k 3 H {l+4) (x) - K - ,K — — ' H a+4) (x) 

fc=i 

+ »(£+lMto + l) g ( W)M _ 6^ + fa+l g ,,„, (i) 

Proof. Applying the derivative operator T> x to Proposition I17[ we attain the case I = 
of Theorem [H 

u3 rr(4>/ s _ (n - .x)(a; + n + l)(a; 2 + .t + ra + n 2 ) 



fe=l 

+ 



X (x + l)(2x + l) p 6x 2 + 6x + l {} 



2x + 1 , , n 

2 v ' 4 
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Suppose that the following identity 

X> 3 ^ +4> (*) = (n ~" )( * +n+1 f 2+ ' + ra+n2 V t'+ 4 >(.) 
fc=i 

+ »(» + l)Px + 1) ^,1 (x) _ fa 2 + fa + l g ,,«) (l) 

is true. Applying the derivative operator D x to the last equation, we have 

f^k 3 H {l+5) (x) = ( n - x ) < y x + n + 1 )( x2 + x + n + n2 ) H d+5) ( x j 
fc=i 

This proves Theorem 1191 inductively. D 

Taking x — p in Theorem I19[ we get the following equation. 
Corollary 20. For l,p £ No, t/iere /loZrfs f/ie summation formula: 

(1+4) _ (n - p)(p + n + l)(p 2 +p + n + n 2 ) ((+4 ) , p 2 {p+l) 



Z^ K fl P+fc - 4 ^p+« + 4 n v 

fc=l 

p(p+l)(2p+l)/ „<*+3> „<j+3>\ 6p a + 6p+l ,„<i+2) (;+2 u 



2 v~p-i-tj — p / ^ 

if 

2 



O i 1 H-W WW 

4P+ 1 /'ij-(t+l) _ rr{l+i)\ _ U P+™ n P 

\ n p+n n p ) a 



6. Summation formulas with the factor fc 4 



Letting y = x + 4 in ^ and considering the relation 

2(2x + 5)(. 
(x + l)(x + 2)(x + 3){x + 4) 



£ m aW = £ HtW + 2(2, + 5)^ + 5. + 5) E 
fc=i V fc / 



6x 2 + 30x + 35 A, 2tr/ . 



(x + l)(x + 2)(x + 3)(aj + 4) ^ 
4a: + 10 



(a: + l)(a; + 2)(a ; + 3)(x + 4)^ i 



Y, k3R k( x ) 



Y^k 4 H k (x), 



(x + l)(x + 2)(x + 3)(.x + 4) ^ 

we gain the following equation by using Theorem [TJ Proposition [31 Proposition [7] and 
Proposition [T31 
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Proposition 21. For i£C, there holds the summation formula: 

A,. ,, 6x 5 + 15a; 4 + 10a; 3 -x-n+ I0n 3 + 15n 4 + 6n 5 TT , . 
}_^k H k {x) = — H n {x) 

(72n 4 - 45n 3 - 130n 2 + 75n + 28)n 

1800 
(12a; 3 + 24a; 2 + 7x - Qnx 2 - 9nx + An 2 x - 5 + In + 4n 2 - 3n 3 )nx 

60 ' 

Corollary 22 (x = p with p 6 No in Proposition 12 1|) . 

A 4 _ 6p 5 + 15p 4 + 10p 3 -p-n+ 10n 3 + 15n 4 + 6n 5 

/ , « -"p+fc — o7j Hp+n 

fc=l 

6p 5 + 15p 4 + 10p 3 -p (72n 4 - 45n 3 - 130?i 2 + 75n + 28)n 

30 p 1800 

(I2p 3 + 24p 2 + Ip - 6np 2 - 9np + 4n 2 p - 5 + 2n + An 2 - in 3 )np 

60 ' 

Applying the derivative operator T> x to Proposition^!] we achieve the following equation. 
Proposition 23. For i£C, there holds the summation formula: 

V- , 4 tt(2) , s 6x 5 + 15a; 4 + 10a; 3 -x-n+ I0n 3 + 15n 4 + 6n 5 tt(2) . , 

}^ k H k ( X ) = oTj H n '( X ) 

fe=l 

_ 30a; 2 (a; + l) 2 -l 

30 " l j 

(48a; 3 + 72a; 2 - 18na; 2 + 14a; - 18na; + 8n 2 a; - 5 + In + 4n 2 - 3n 3 )n 

+ 60 ' 

Corollary 24 (x = p with p 6 No in Proposition |2"3"|) . 

A 4 (2) _ 6p 5 + 15p 4 + 10p 3 -p-n + 10n 3 + 15n 4 + 6n 5 (2) 

Z^ ft p+fc _ 30 p+" 

fc=i 

6p 5 + 15p 4 + 1Qp 3 _ g 30p 2 (p + 1)2 _ i 

30 p 30 ^ p+ " p ' 

(48p 3 + 72p 2 - 18np 2 + Up - 18np + 8n 2 p - 5 + 2n + 4n 2 - 3n 3 )?i 
+ 60 ' 

Applying the derivative operator T> x to Proposition [231 we attain the following equation. 
Proposition 25. For ifC, there holds the summation formula: 



A , 4 Tr <3) / s 6a; 5 + 15a; 4 + 10a; 3 -x-n+ 10n 3 + 15n 4 + 6n 5 Tr(3) . . 
2^ k H k ( x ) = jjjj H n '(*) 

ffl 2) (x) + a;(x + l)(2a? + l)H n {x) 



30 

fc=i 



30x 2 (x + l) 2 -l 

30 

(72x 2 + 72a; - 18na; + 7 - 9n + 4n 2 )n 
60 ' 
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Corollary 26 (x = p with p 6 No in Proposition |25|) ■ 
A 4 ( 3> _ 6p 5 + 15p 4 + 10p 3 -p-n + 10n 3 + 15n 4 + 6n 5 (3) 

6p 5 + 15p* + 10p 3 - P lJ<3) 30p 2 (p + l) 2 -l ^ (2) (2)s 
30 ^ 3^ ( H P + n *$ n 

lWn . Wtt _ . (72p 2 + 72p-18np+7-9n + 4n 2 )n 
+ j>(p+l)(2p+l)(J3 p+n -fl 1 ,)--i-^ £ ^ *-. 

Applying the derivative operator ^ to Proposition [35j we get the following equation. 
Proposition 27. For i£C, i/iere Zio/ds the summation formula: 

V^,W4>/ x 6x 5 + 15a; 4 + 10a; 3 - x - n + 10n 3 + 15n 4 + 6n 5 .... . 

}^ k H k ( x ) = ™ #n '(*) 

fe=i 

- 30* 2 (*+l) 2 -l g <3 )(;g) + ^ + 1)(2a; + l)H (2 ){x) 

6x 2 + 6x + 1 TT . , (8x + 4 - n)n 

HJx) + - — . 

3 v ' 10 

Corollary 28 (x = p with p 6 No in Proposition |2~T| . 

E 4 (4) 6p 5 + 15p 4 + 10p 3 -p — n + 10n 3 + 15n 4 + 6n 5 (4) 
fc -"p+fc = 3^ -"p+n 

fe=i 

6p 5 + 15p 4 + !Qp3 _ p 30p 2 (p+ l) 2 - 1 (3) (3) 

30 p 30 l p+ " p j 

+ P (p+ l)(2p + !)«>„ - flf) - 6p2+ 3 6p+1 (ff P+ „ - ff,) 

(8p + 4 - n)n 

+ io ' 

Theorem 29. For ieC and ^ G No, iftere /iota's i/ie summation formula: 

^ , 4 rr(l+5) , s 6x 5 + 15x 4 + 10a; 3 -x-n+ 10?i 3 + 15n 4 + 6n 5 _,, .„ . , 

2^ k H l w = gTj H n '(z) 

fc=l 



30x^+1)^ ^+4) (g) + ^ + 1)(2a . + 1)fr ^+3) (jc) 

(0/ 



30 
6a; 2 + 6, +]^ (i) + 2x + l^ +1) ^ _ H^xl 



3 " v ' 2 n v ' 5 



Proof. Applying the derivative operator V x to Proposition [23 we gain the case I = of 
Theorem [29] 

V^ , 4 r,<5> / x 6x 5 + 15a; 4 + 10a; 3 - x - n + 10?i 3 + 15n 4 + 6n 5 _,« , . 

2^ k H k w = 30 F « w 

fc=l 



30x2( % + 1)2 l g » 4> ^ + *(* + W 2 * + ^w 

6» a + te + l gBW(g) + 2 E + l gB(g) _n j 



fe=l 

-2/- , i\2 
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Suppose that the identity 

V- , 4 Mi+5) , s 6a: 5 + l5x * + 10x3 ~x-n+ I0n 3 + 15n 4 + 6n 5 ( , +B> 
2^ fc i^ '(*) = ^ Hy >(x) 

30x'(x + l)'-l HS+4){x) + x{x + 1){2x + 1)ff <« +3>(a;) 

- fa2 + fa + 1 gr>(x) + 2£±i ff <i + i> (x) _ ElW 

o Z 

is true. Applying the derivative operator T> x to the last equation, we have 

V^ i 4 rr<;+6) / v 6a; 5 + 15x 4 + 10a: 3 - a; - n + lOra 3 + 15n 4 + 6n 5 (l+6) 

Z^ k H k O) = 30 H nW 

fe=i 

- 3to2 ^ + 1 ) 2 - 1 g(m) Cl) + ^ + 1)(2x + i )J? (^> (a;) 

_ 6x 2 +6x+l^ + 3) (;r) + ^±1^+2)^ _ g^'M, 
3 2 5 

This proves Theorem [29] inductively. □ 

Making x — p in Theorem 1291 we obtain the following equation. 
Corollary 30. For l,p g No, i/iere /io/ds the summation formula: 
^ 4 {l+5) _ 6p 5 + 15p 4 + 10p 3 -p-n+ 10n 3 + 15n 4 + 6n 5 (1+6) 



fe=i 



6p 5 + 15p 4 + 10p 3 - P g(i+5) _ 30p 2 ( P +l) 2 -l (t+4) _ ff(;+4) 



_ //..:-■ :'■. I!.-'.-. \)i '"' 



■p(p + l)(2p + l)(flj+f> - F<<+ 3 >) - 6p2+ f +1 « + » 2> - #<< +2 >) 



"T j V P+™ V I 5 

Remark: Further summation formulas with the factor fc l , where z is a positive integer 
greater than 4, can also be derived in the same way. Considering that the resulting 
identities will become more complicated, we shall not lay out them here. 
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